In this paper, we state and prove the existence of the common fixed points of four maps satisfying a general contractive condition in a cone metric space, thus extending and generalizing several results in literature including the results of Abbas and Jungck (2008) and Abbas, Rhoades and Nazir (2010). We further apply our result to operators of integral type and generalize the results of Khojasteh, Goodarzi, and Razani (2010).
Introduction
In [5] , Huang and Zhang generalized the concept of metric spaces by introducing cone metric spaces and proved some fixed point theorems for mappings satisfying some contractive conditions. Since then, several fixed point results in metric spaces have been proved in the context of cone metric spaces. Bianciari [4] proved the fixed point result for a single mapping satisfying an analogue of Banach's contraction principle for an integral type. An incorrect attempt to generalize the result in [4] to cone metric spaces in [8] was later correctly stated and proved in [3] and [7] . In this paper, we use a nondecreasing mapping F as in [10] to generalize the results in [1] and [2] . Furthermore, we prove a common fixed point theorem of integral type in cone metric spaces that generalizes the recent result in [3] and [7] . Our result on integral type, to the best of our knowledge, is the most general known result of the common fixed point theory of integral type in the context of cone metric spaces. The following will be of use in this paper:
Let E be a real Banach space. A subset P ⊂ E is called a cone if: (i) P is closed, P = ∅ and P = {0}; (ii) a, b ∈ R, a, b ≥ 0 and x, y ∈ P ⇒ ax + by ∈ P ; (iii) x ∈ P and x ∈ (−P ) ⇒ x = 0.
For a given cone P ⊆ E, we define a partial ordering ≤ on E with respect to P by x ≤ y if and only if y − x ∈ P . x < y indicates that x ≤ y but x = y, while x y stands for y − x ∈ int(P ) (interior of P ). A cone P ⊂ E is called normal if there is K > 0 such that for all x, y ∈ P , x ≤ y implies x ≤ K y , where is the norm in E. The least positive number satisfying the above inequality is called the normal constant of P .
Let us assume that P is a cone in E with int(P ) = ∅ and ≤ is partial ordering with respect to P . Definition 1.1 [5] Let X be a nonempty set. Suppose that d : X × X → P satisfies the following conditions:
) is a cone metric space. Definition 1.4 [5] Let (X, d) be a cone metric space and {x n } a sequence in X. (i) {x n } is said to be a Cauchy sequence if for every c ∈ E with 0 c, there
c. It is shown in [5] that a convergent sequence in a cone metric (X, d) is a Cauchy sequence. When the converse is true, the cone metric space is said to be complete. Proposition 1.5 [5] Let (X, d) be a cone metric space, P a normal cone and {x n }, {y n } two sequences in X. Then:
Definition 1.6 [6] The self mappings f and g of a cone metric space (X, d) are said to be weakly compatible if they commute at their coincidence points, that is, if
Definition 1.7 [10] Let P be a cone and let {ω n } be a sequence in P . One says that ω n −→ 0 if for every ∈ P with 0 there exists N > 0 such that ω n for all n ≥ N .
In the sequel, let F : P → P , a non-decreasing mapping satisfying the following properties:
Common fixed point theorem of four maps satisfying a weakly contractive-like condition
We state our first theorem:
) be a cone metric space and let A, B, S, T : X → X be four mappings such that:
where α, β, γ, δ ∈ [0, 1) and α + β + γ + 2δ < 1.
Suppose that {A, S} and {B, T } are pairs of weakly compatible maps with S(X) ⊂ B(X), T (X) ⊂ A(X) and such that one of A(X), B(X), T (X), S(X) is a complete subspace of X. Then the self-mappings A, B, S, T have a unique common fixed point.
Proof:
We construct thus sequences {x n } and {y n } in X:
Similarly, from (2.1) we have
Thus,
(2.5) Using the triangle inequality and (2.5), we have
Hence,
, there exists w ∈ X such that Su = Bw. Next we prove that Bw = T w. , T v) ).
which yields:
v from the uniqueness of limit of {y n }. So A, B, S, T have a common fixed point. The uniqueness follows from the contractive condition. The same result holds if we suppose that one of S(X), A(X), B(X) is complete.
The following Theorem follows immediately from the above Theorem with an additional condition of F .
Theorem 2.2 Let (X, d) be a cone metric space and let A, B, S, T : X → X be four mappings such that:

F d(Sx, T y) ≤ F αd(Ax, By) + βd(Sx, Ax) + γd(T y, By) +δ(d(Sx, By) + d(T y, Ax))
where α, β, γ, δ ∈ [0, 1), α+β+γ+2δ < 1, and F , in addition, satisfies F (ax) ≤ aF (x) for all a ≤ 1.
If {A, S} and {B, T } are pairs of weakly compatible maps with S(X) ⊂ B(X), T (X) ⊂ A(X) and one of A(X), B(X), T (X) or S(X) is a complete subspace of X, then the self-mappings A, B, S, T have a unique common fixed point.
We state in the following some special cases of our theorems: Corollary 2.3 [10] Let (X, d) be a cone metric space and let S, T : X → X be two mappings such that: (Sy, By) ).
Suppose that B and S are weakly compatible, S(X) ⊂ B(X) and either S(X)
or B(X) is a complete subspace of X. Then the self-mappings S and B have a unique common fixed point.
Corollary 2.4 [10] Let (X, d) be a cone metric space and let S, T : X → X be two mappings such that:
where ϕ : X → X is such that ϕ(ω) ≤ kω , k < 1/2. Suppose that B and S are weakly compatible, S(X) ⊂ B(X) and either S(X) or B(X) is a complete subspace of X. Then the self-mappings S and B have a unique common fixed point.
Corollary 2.5 [1] Let A, B, S and T be self mappings of a cone metric spaceX with cone P having a non-empty interior, satisfying S(X) ⊂ B(X), T (X) ⊂ A(X) and d(Sx, T y) ≤ αd(Ax, By)+βd(Sx, Ax)+γd(T y, By)+δ[d(Sx, By)+d(T y, Ax)]
for all x, y ∈ X, where α, β, γ, δ ∈ [0, 1) satisfying α + β + γ + 2δ < 1. If {A, T } and {B, S} are weakly compatible and if one of A(X), B(X), S(X) or T (X) is complete, then A, B, S and T have a unique common fixed point.
Proof: Take F = Id P in Theorem 2.1 (or Theorem 2.2).
Corollary 2.6 Let A, B, S and T be self mappings of a cone metric spaceX with cone P having a non-empty interior, satisfying S(X) ∪T (X) ⊂ A(X) and d(Sx, T y) ≤ αd(Ax, Ay)+βd(Sx, Ax)+γd(T y, Ay)+δ[d(Sx, Ay)+d(T y, Ax)]
for all x, y ∈ X, where α, β, γ, δ ∈ [0, 1) satisfying α + β + γ + 2δ < 1. If [3] . Also note that when S = T and A = B in Corollary 2.2, we obtain a special case of Theorem 2.1 in [11] in letting a 1 = α, a 2 = β, a 3 = γ and a 4 = a 5 = δ.
{A, T } and {B, S} are weakly compatible and if one of A(X), S(X) or T (X) is complete, then A, B, S and T have a unique common fixed point.
Proof: Take
) is a cone metric space. The mapping F : P → P defined by F (x, y) = (ln(1 + x), ln(1 + y)) for all (x, y) ∈ P satisfies (F 1 ) and (F 2 ). Let A, B, S, T : X → X be defined thus:
The pairs {A, S} and {B, T } are weakly compatible, S(X) ⊂ B(X), T (X) ⊂ A(X) and the condition (2.1) is satisfied, with α = , y 1 = 0, x 2 = 0 and y 2 = 0.
Common fixed point of operators satisfying condition of integral type
We recall some definitions, examples and properties as introduced in [8] .
Definition 3.1 [8] Suppose that P is a normal cone in E. Let a, b ∈ E and a < b. We define: 
where S Con must be unique and:
and
We note
The set of all cone integrable functions φ : 
where α, β, γ, δ ∈ [0, 1) and α+β +γ +2δ < 1. Suppose also that the function of y → φd P . Under this case, F satisfies conditions (F 1 ) and (F 2 ). The condition (F 2 ) results from the continuity of F and its inverse in 0. In fact, in a normal cone, if ω n −→ 0, then ω n converges to 0. Now, since F is continuous in 0, for every sequence ω n converging to 0, F (ω n ) converges to F (0) = 0. Since F −1 is continuous, given any sequence F (ω n ) converging to 0, 
for all a ≤ 1 and y ∈ P . Let A, B, S, T : X → X be four mappings such that for all x, y ∈ X:
where Remark: Taking φ(t) = 1 for all t ∈ P in Theorem 3.6 (or Theorem 3.7), we obtain Corollary 2.2. We also have the following corollaries: Corollary 3.8 [7] Let (X, d) be a complete cone metric space and P a normal cone. Let φ : P → P be a nonvanishing map and a subbaditive cone integrable on each [a, b] . Let S : X → X be a mapping such that for all x, y ∈ X: Proof: Take A = B = Id P and S = T in Theorem 3.4.
